The time-frequency properties of high-order harmonic generation in the presence of a static electric field are investigated. It is found that the quantum paths contributing to the harmonics can be controlled by adding a static electric field. The highest photon energies of harmonics emitted in the adjacent halfcycles of the laser field are modulated by the static electric field, and then an attosecond pulse train with one burst per optical cycle can be extracted. For the ratio between the laser and the static field of 0.39, the harmonic spectrum is extended to I p + 9.1U p , and the harmonics above I p + 0.7U p are emitted almost in phase. The phase-locked harmonics covered by a broad bandwidth are produced, and then a regular attosecond pulse train with a pulse duration of 80 as is generated.
Introduction
When an atomic or molecular system is subjected to an intense laser field, high-order harmonics of the driving field are generated. High-order harmonic generation (HHG) has been rapidly developed in the last ten years [1, 2] . HHG is a topic of great interest due to its potential application as a coherent soft x-rays source [3, 4] and the generation of attosecond pulses [5] [6] [7] . Both experimental and theoretical studies have shown the general characteristic of HHG: the harmonic spectrum decreases rapidly at low orders, then exhibits a broad plateau and ends up with an abrupt cutoff at frequency I p + 3.17U p , where I p and U p are the atomic ionization potential and the ponderomotive energy of the electron in the laser field, respectively. This process can be physically understood in terms of the semiclassical three-step model [8] :
the electron first tunnels through the barrier formed by the Coulomb potential and the laser field, then it oscillates almost freely in the laser field, and finally it may return to the ground state by recombining with the parent ion. During the recombination, a photon with energy equal to the ionization potential plus the kinetic energy of the recombining electron is emitted.
HHG produces a radiation source covered by a broad bandwidth. In the time domain, a train of ultrashort pulses in the attosecond range can be obtained by superposing several harmonics. This process has a clear analogy with the mode-locked lasers and it is quite important for the attosecond pulse generation that the harmonics are emitted in phase. This issue has been extensively discussed [9] [10] [11] [12] . It is shown that each harmonic is mainly associated with two domain electron paths (so-called short and long paths) within one half optical cycle [8, 12] . Since these two paths have very different emission times, the harmonics are not locked in phase [10] . As a result, the superposition of several harmonics leads to an irregular attosecond pulse train (APT) consisting of at least two bursts per half optical cycle. Due to the potential applications for investigating and controlling the motion of electrons inside atoms, the generation of regular attosecond pulses has been of great interest (see [5] [6] [7] [10] [11] [12] ). To obtain a regular APT, a large frequency range of harmonics emitted in phase is required. Then much attention has been paid to the phase locking of the harmonics [9] [10] [11] [12] [13] [14] [15] [16] . For example, the short path contribution can be macroscopically selected by carefully adjusting the phase-matching condition of HHG [9] . The path selection can also be achieved using a two-colour femtosecond laser field consisting of the fundamental and its second harmonic, both of which are linear polarized [16] . Thus the harmonics are emitted almost in phase, and then a regular APT with a single attosecond pulse per half optical cycle can be generated.
HHG in the presence of a static electric field has been theoretically studied [17] [18] [19] [20] [21] [22] [23] . A static electric field appears to be a very sensitive means for controlling high harmonic emission rate [17] , maximum harmonic photon energy [18] [19] [20] and polarization properties of harmonics [22] . In this paper, we investigate the control of quantum paths in HHG by adding a static electric field. It is shown that an attosecond pulse train with one burst per optical cycle can be obtained in the presence of a static electric field. For the relatively high static electric field (one order less than the strength of the laser field), the harmonic spectrum is extended to I p + 9.1U p , and the harmonics above I p + 0.7U p are emitted almost in phase. Thus a large range of harmonics emitted in phase is produced, and then a sub-100-as pulse train can be obtained. Furthermore, we present a semiclassical simulation of the HHG process to analyse these results. This paper is organized as follows. The simulation methods are described in section 2. The results are presented and discussed in section 3. The semiclassical analysis of electron paths in the presence of a static electric field is presented in section 4. Conclusions are given in section 5.
Formulation
In this paper, we consider the interaction between an atom and the combination of the laser field and the static electric field in the single active electron approximation; the one-dimensional time-dependent Schrödinger equation for this system reads (in atomic units (au))
where the Coulomb potential V (x) is represented by the 'soft-core' potential which can be written as 
Here we choose a softening parameter of ε = 0.484 corresponding to the ionization energy of 24.6 eV for the ground state of the helium atom. The combined field in thex direction is described as
where E 0 , ω and α are the amplitude, frequency of the laser field and the ratio between the amplitudes of the static and laser fields. Equation (1) can be solved numerically by means of the split-operator method [24] . According to the Ehrenfest theorem [25] , the time-dependent dipole acceleration a(t) is
the harmonic spectrum can be obtained by the Fourier transform of a(t)
By superposing several orders of the harmonics, an ultrashort pulse train can be obtained with the temporal profile:
Results and discussions
To study the HHG from atoms in the presence of a static electric field, we first consider the case for α = 0.05 corresponding to a relatively weak static electric field. The harmonic spectrum is shown in figure 1(a) (black line). In our calculation, the laser intensity is 3 × 10 14 W cm −2 and the wavelength is 800 nm corresponding to the ponderomotive potential 0.6635 au, and the ionization potential is calculated to be 0.903 au. For comparison, we also give the harmonic spectrum for α = 0 shown in figure 1(a) (red line). As shown in this figure, the cutoff of the spectrum for α = 0.05 is at the 61st order harmonic, corresponding to the energy I p + 3.8U p , which is higher than the well-known value of I p + 3.17U p for α = 0. Moreover, even-order harmonics with comparable intensity to that of odd-order harmonics are generated in the case of α = 0.05, which is due to the destruction of the inversion and reflection symmetries of the atomic system. These results are consistent with previous works [18, 19] . To further understand this process, we also investigate the emission time of the harmonics for the case in terms of the time-frequency analysis method [26] . The results are shown in figure 1(b). As shown in this figure, there are two dominant quantum paths with different emission times contributing to each harmonic in each half optical cycle. The positive-slope section and the negative-slope section correspond to the so-called short and long paths, respectively. Thus for the harmonics in the plateau, the emission times of these two trajectories are different and the harmonics are not emitted in phase. For the harmonics in the cutoff, these two trajectories are superposed, and these harmonics are emitted in phase. Moreover, we can clearly see that maximum harmonic photon energy in one half optical cycle is about I p + 3.8U p and that in the next half cycle is I p + 2.9U p . This is due to the symmetry breaking of adjacent half-cycles of the laser field. Next we consider the attosecond pulse generation from HHG for α = 0.05. The temporal profile of the attosecond pulses via superposing 12 order harmonics (from 24th to 35th) in the plateau is shown in figure 2(a). As shown in this figure, an irregular attosecond pulse train with at least two bursts in each half-cycle is observed. This is due to the interference of the short and the long paths. Since the plateau harmonics are not emitted in phase, superposition of more harmonics would lead to a more irregular APT. This poor quality of the APT limits its application. Figure 2(b) shows the temporal profile of the attosecond pulses by superposing 12 order harmonics (from 57th to 68th) in the cutoff. We can clearly see that the harmonics in the cutoff emit in phase, and a regular pulse train is obtained. Since the harmonics in the cutoff emit once per optical cycle (see figure 1(b) ), this train of attosecond pulses are separated by one optical cycle.
HHG in the presence of a static electric field can be applied to generating an isolated attosecond pulse. For the usual method, the driving laser pulse needs to be short enough to produce the highest-energy photons only in one half optical cycle; thus an isolated attosecond can be extracted by using a proper high-pass frequency filter. Instead of having to use few-cycle femtosecond pulse for isolated attosecond pulse generation, a twice-longer pulse is sufficient if a static electric field is added. Figure 3 shows the calculated result for the attosecond pulse generation driven by a 12 fs laser pulse combining with 0.25% the intensity of the laser field. In our calculation, the laser intensity is 3 × 10 14 W cm −2 and the wavelength is 800 nm. As shown in figure 3 , an isolated attosecond pulse of 220 as FWHM duration is obtained after high pass filtering above 60th harmonic. This idea has been numerically demonstrated in a two-colour regime [27] .
We now consider the case that the static electric field is relatively high. Here we choose α = 0.39, and other parameters are the same as those in figure 1. The harmonic spectrum is shown in figure 4(a) . As shown in this figure, the harmonic spectrum exhibits two separated plateaux: the cutoff of the first plateau is at the 24th order harmonic, corresponding to the energy I p + 0.7U p , and the second one is at the 122nd order harmonic, corresponding the energy I p + 9.1U p . The harmonic intensity of the second plateau is about two orders magnitude lower than the first plateau. Figure 4(b) shows the corresponding time-frequency distribution of HHG in figure 4 (a). It can be seen that for harmonics below I p + 0.7U p , i.e., in the first plateau, there are at least three quantum paths with different emission times contributing to harmonic generation, thus these harmonics are not emitted in phase. For harmonics above I p + 0.7U p , i.e. the second plateau, there is a distinct time-frequency feature. Only the positive-slope section contributes to harmonic generation. In other words, the harmonics above I p + 0.7U p are emitted almost in phase. Thus a large range of harmonics emitted in phase is produced. This demonstrates a potential for generating regular and ultrashort attosecond pulses.
To study the attosecond pulse generation in this case, we first respectively consider the APT from the two plateaux in figure 4 . Figure 5 (a) presents the temporal profile of the APT via superposing 11 order harmonics (from 14th to 24th) in the first plateau. An irregular APT is observed. This is due to the interference among three different paths shown in figure 4(b) . The solid line in figure 5(b) illustrates the APT generated via superposing 11 order harmonics (from 68th to 78th) in the second plateau. It shows the distinct characteristic with the result shown in figure 5(a) . A regular APT with a single attosecond pulse in each full optical cycle is obtained. Since the second plateau covers a large frequency range greater than 40 eV, an APT with the pulse duration less than 100 as can be generated. This is also presented in figure 5(b) , in which the dotted line illustrates the temporal profile of the attosecond pulses by superposing 33 order harmonics (68th to 100th) in the second plateau. As shown in this figure, the pulse duration of this APT is about 80 as.
Semiclassical analysis
To more clearly understand how a static electric field affects the electron paths, we analyse the process of HHG in the presence of a static electric field in terms of the semiclassical three-step model [8] . In this process, the motion of an electron under the combining force is described by the equation (in atomic units)
Assuming the initial condition that the electron is ionized from the nucleus with zero velocity at t i ,ẋ and
If the electron returns to the nucleus at t, we have
And the kinetic energy at time t reads
From equation (11) , the recombination time of the electron that emits at time t i can be obtained. From the semiclassical point, the electron is first tunnelling ionized at t i , then oscillates in the external field, finally returns to the nucleus at t e and simultaneously emits a photon with the energy E k + I p . We first focus on the case when no static field is added. As shown in figure 6 by red dots and circles, there are two classes of trajectories corresponding to the same energies of the returning electrons in each half optical cycle. The first trajectory with earlier ionization but later emission times is called the long trajectory, and the other one with later ionization but earlier emission times is called the short trajectory. As the kinetic energy increases, the emission time of the short trajectory increases, that of the long trajectory decreases, and these two emission times are equal at the maximum of the kinetic energy. Since the field has the same amplitudes with opposite directions at t and t + T 0 /2, the electrons ionized at t and t + T 0 /2 will move along the opposite directions and return to the nucleus with the same kinetic energies. Therefore, these two trajectories in the adjacent half optical cycles are the same. Next, we consider the case for α = 0.05 corresponding to a relatively weak static electric field. We only investigate the motion of the electron of the first return in this case. The electron can gain very large energy in the presence of a relatively weak static electric field when the electron trajectories contain multiple returns to the nucleus [20, 22] . The return time of the trajectories with second return is much longer than that of the trajectories with first return. It has been point out that [20] when the ionized electron spends a long time in the field, the spreading of the electron wavepacket leads to a strong decrease in the harmonic efficiency. Therefore the contribution from those electron trajectories with multiple returns can be ignored. The result is shown in figure 6 by blue dots and circles. As shown in this figure, the symmetry in the adjacent half-cycles is broken by the static electric field. Since the total fields at t and t + T 0 /2 are no longer the same, the electrons ionized at t and t + T 0 /2 will return to the nucleus with different kinetic energies. When the laser and the static electric field point along the opposite directions, the electron ionized here will be accelerated and return to the nucleus in the next half cycle in which the laser and the static electric field point along the same direction; therefore the maximum kinetic energy will be higher than the well-known value of 3.17U p , and vice versa. For convenience, we denote the trajectories for the electrons ionized when the laser and the static field are along the opposite (same) directions as −x (+x) trajectories hereafter. In this case, the maximum kinetic energy of the −x trajectories is 3.8U p , while that of the +x trajectories is 2.9U p , and the +x and −x trajectories both consist of short and long trajectories. These results are confirmed by the quantum calculations shown in figure 1 . We consider the case for α = 0.39 corresponding to a relatively high static electric field. In this case, we no longer restrict the trajectories to the first return. Increasing the ratio between the static and the laser fields, the maximum return time, i.e., t e − t i , decreases rapidly and, for α > 0.32, the maximum return time is shorter than one optical cycle [20] . In this case, the trajectories of all the multiple returns should be considered. As shown in figure 7 , the trajectories contain two returns, blue dots and circles represent the ionization and emission times for the first return and red ones represent that for the second return. For the first return, there is only one −x trajectory contributing to the harmonic generation and the maximum kinetic energy of this trajectory reaches 9.1U p . There are still two +x trajectories (long and short) contributing to the harmonic generation, and the maximum kinetic energy of these trajectories only reaches 0.7U p . For the second return, one trajectory contributes to the harmonic generation and maximum kinetic energy of this trajectory also reaches 9.1U p . Note that the ionization time of this trajectory passes the zero-crossing point of the laser field, and we no longer denote it as the +x or −x trajectory. Moreover, the emission times of this trajectory are almost the same with that of the −x trajectory of the first return. Taking into account all the trajectories of two returns, we can conclude that HHG for α = 0.39 is extended to I p + 9.1U p and the harmonics above I p + 0.7U p are emitted in phase. These results interpret the time-frequency characteristics shown in figure 4(b) . In order to qualitatively analyse the two-plateau structure of the harmonic spectrum for α = 0.39 shown in figure 4(a) , we present the time dependence of the ionization rate calculated by the ADK tunnelling ionization model [29] as well as trajectories for α = 0.39. The result is shown in figure 8 . In our simulation, the intensity of the field is much lower than the saturation intensity of the He atom; then the harmonic intensity is mainly determined by the ionization rate according to the three-step model. As shown in this figure, the harmonics are associated with the electrons ionized between 0.41 T and 0.87 T. In this region, the ionization rate between 0.41 T and 0.43 T is much higher than that at other moments. The kinetic energies of the electrons ionized between 0.41 T and 0.43 T is less than about 0.7U p , i.e., the harmonics in the first plateau; therefore the harmonic efficiency of the first plateau is much higher than that in the second plateau. Note that the electrons ionized between 0.41 T and 0.43 T also form a part of the trajectory of second return, but we believe that the corresponding harmonic efficiency may be one order lower than that of electrons ionized between 0.41 T and 0.43 T for the first return, and it will not be discussed here. Figure 9 shows the maximum kinetic energy E k of the electrons for the first return as a function of α. As shown in this figure, E k first increases as α increases, reaches its peak value of 9.1U p at α = 0.39 and then monotonically decreases to zero. For the static electric field higher than α = 0.39, the characteristic of the emission times is very similar to the case of α = 0.39 according to our calculation. However, the bandwidth of those phaselocked harmonics is much narrower than that of α = 0.39. Moreover, the intensity of those phase-locked harmonics will monotonically decrease as the harmonic order increases, i.e., the second plateau will disappear (see [20] ). Therefore, in order to obtain a broadest bandwidth of phase-locked harmonics, α = 0.39 is chosen.
Conclusions
Time-frequency properties of the harmonics and attosecond pulse generation in the presence of a static electric field have been investigated. It is found that the HHG process can be controlled by a static electric field. The highest-order harmonics are emitted once in one optical cycle, and then an attosecond pulse train with one burst per optical cycle can be extracted. This characteristic can be used to generate an isolate attosecond pulse in the multi-cycle regime. In the case of α = 0.39 corresponding to a relatively high static electric field, the harmonic spectrum is extended to I p + 9.1U p and the harmonics above I p + 0.7U p are emitted almost in phase. Thus phase-locked harmonics covered by a broad bandwidth are produced. By superposing these harmonics, a regular attosecond pulse train with a duration of 80 as is obtained.
The static field strength in this paper is extremely high and can hardly be experimentally achieved nowadays. However, it has been suggested that [22, 30] a low-frequency laser field (such as CO 2 lasers) can be used instead of the high static field. A mid-infrared optical parametric amplifier and terahertz pulses are also the possible candidates. But maybe it is still a little difficult to achieve such high intensity. In addition, from our calculation, the ionization rate of the He atom due to the static field alone is minor, and the duration of the static field in which the He atom could survive is longer than 100 ps.
